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Direct algorithm with Motzkin Paths
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Proof. We just have to check that these numbers satisfy the rhombus rules (18).
We have successively

() (m) _ _ 2k(2k+1)2n + 2k + 1)(2n + 2% + 2)
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(n+2k)n+2k+)(n+2k+Dn+t2k+2) * &

) ) (2n+2k+1)(2n + 2% +2) (2K + 2)(2k + 3)

b T S R T )2kt | R D T RIS
_4n® + 0 (16k + 18) + n(24k2 + 52k + 26) + 2(2k +1)(2k + 2)(2k + 3)
- (n+2k+1)(n + 2k + 2)(n + 2k + 3) ’
{2+ 2k +3)(2n + 2k + 4) 2e(2k + 1)

n+2k+2)(n+2k+3)  (n+2k+1)n+2k+2)°

=gt gl ip

Corollary 11. The number of non-crossing configurations of k Dyck paths n =

(wi, w2, -, wy) such that fori, 1 <i <k, w; goes from the point (—2i + 2,0)
to the point (2n + 2z — 2,0) is

- T i+ 7+ 2k
dn’k - i +j .
1<i<j<n




Corollary 11. The number of non-crossing configurations of k Dyck paths n =
(wi, w2, -, wy) such that fori, 1 <i <k, w; goes from the point (=21 + 2,0)
to the point (2n + 2 — 2,0) is
i+ 5+ 2k
dn,k = H j+ 7 .
Y<icien TV

Proof. From the above considerations, this number is the k x k& Hankel determi-
nant (for u, = Cp)

H&En) = (Cn)k(qﬁn)egn))k_l{qgn)egn))k—2 e (ql(:i)l e'l(rn—)l : {27)

with ¢ and ¢{™ defined by (26). We have successively
(1) glm) () ) (m) (m) _ (2K — 1)}(2n + 2k — 2)!
Crdimei B e G = g 1)%n + 2k — 2)

(2k+n)2k+n+1)- (2k+2n - 2)

nk/lnp—1 = - ’
./ hn e 2k(2k + 1) (2k+n — 2)
dpxfdnjr = HPJH® (0> 1,k > 2). (28)
With dny = Cp = H™ (n > 1). We deduce HM =d, .. O

The formula of corollary 11 reappeared in Physics in the context of directed
polymers with watermelons topoly in the presence of a wall. Extensions are
given in Guttmann, Krattenthaler. Viennot 1131 This work fallawre (it b o
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