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F RACTION IBY S CONTIN VIS

DISSERTATIO.
) AVCTORE

Leounb. - Euler.
6. 1.
Arii in Analyfin recepti funt modi quantitates, quae

“aliag difficulter affignari queant, commode expri-
“ mendi.” Q.ﬂuusatcs fcilicet irrationales et trans-

cendentes, cuiugmodi funt logarithimi, arcus circulares, alia~

ruimque. curnarum: quadraturaer, per feries infinitas exhx~
beri folent, quae, cum terminis conftent cognitis, valo~
res illarum ‘quantitatum fatis diftincke indicant. Series au-
iem iftae duplicis funt generis, ad quorum prius pertinent
illae feries, quarum termini additione fubtractioneve funt
connexi; ad pofterius vero referri poffunt eae, quariim
termini multiplicatione coniungunwr.  Sic vtroque mo-
do area circuli, cuius diameter eft — 1, eXprimi f{o-

let ;priofe nimiram 4rea circoli_aequalis dicitur 1 —§—4-

i—~i—4j—etc. in infinitum ; pofteriore vero modo eadems

2.4 4.86.6.8.8,10. 10

‘area aequatur ‘buic expreffioni 55555, ¢t in in-
finitnm. Quarum ferierum illae reliquis merito praefe-
runtur, quae maxime conuergant, et pauci{fimis {umendis
terminis valorem quantitatis quaefitae proxime praebeant.

§. 2. His duobus ferierum generibus non immerito:

fuperaddendum  videtur tertium, cuius termini continua
dini=

oY




atque: feries- infinita: itas fo: Kabebit::: |
2= K- T AP, 55— D, 3.5 - I 3 9..7‘»’-6:2.
quae: aequalis: eft: Huic. fradioni: continuge::.

Si: itague- pomatur ¥=—1; vt fat:-
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14 X
14 X
Euler
I42X
1422
I+3%
1+4+3X
- 1+4%
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§. 21. Datur vero alius modus in fummam hu- 1+5%
jus feriei inquirendi ex natura fractionum- continuarum o 1—-_—*_';;
petitus , qui multo facilins et promtius negotium con -
ficit : fit enim formulam generalius exprimendo : I-}6x
. . o twe I+06X
A — 1— 1x+22°-6x°+242*~120X°+7 2015~ 504087+ CIC. = 5§ e
————— ,
€tc.

§. 22. Quemadmodum sutem huiusmodi . fra&io-



2 — 111 %~ m(m—-n)x*-m(m—-n)(m— 28)x"4-m(m—n)
(m—2n) (m—-3n)x* —etc.

reperietur enim iisdem operationibus inflitutis ;

I
2— Iimx.
. &E+nX
I-H m-n)x
1 ——2nx
_;+(m+zn‘x
C I+g3nzx
I+(m+3ﬁ;
1 ++n.—r_
1Hm+4n\x
I—45nx

1 - CIC,

Eadem vero expreffio, alizeque {imiles facile erui pos-



Srinivasa Ramanujan
1887 - 1920
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[These formulas | defeated me completely. I
had never seen anything in the least like this
before. A single look at them is enough to show

they could only be written down by a
mathematician of the highest class. They must
be true because no one would have the

imagination to invent them.
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COMBINATORIAL ASPECTS OF CONTINUED FRACTIONS

P. FLAJOLET
IRIA, 78150 Rocquenceourt, France
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We show that the universal continued fraction of the Stieltjes-Jacobi type is equivalent to the
characteristic series of labelled paths in the plane. The equivalence holds in the set of series in
non-commutative indeterminates. Using it, we derive direct combinatorial proofs of continued
fraction expansions for series involving known combinatorial quantities: the Catalan numbers,
the Bell and Stirling numbers, the tangent and secant numbers, the Euler and Fulerian
numbers... . We also show combinatorial interpretations for the coefficients of the elliptic
functions, the coefficients of inverses of the Tchebycheff, Charlier, Hermite, Laguerre and
Meixner polynomials. Other applications include cycles of binomial coefficients and inversion
formulae. Most of the proofs follow from direct geometrical correspondences between objects.

Introduction

In this paper we present a geometrical interpretation of continued fractions
together with some of its enumerative consequences. The basis is the equivalence



From chapter 29 of the book of Aigner and Ziegler “Proof from the BOOK”
(about the LGV Lemma)

The essence of Mathematics is proving theorems - and so that is what
mathematicians do: They prove theorems. But to tell the truth, what they
really want to prove once in their lifetime, is a Lemma, like the one by Fatou
in analysis, the Lemma of Gauss in number theory, or the Burnside -
Frobenius Lemma in combinatorics.

Now what makes a mathematical statement a true Lemma ? First it should be
applicable to a wide variety of instances, even seemingly unrelated problems.

Secondly, the statement should, once you have seen it, be completely obvious.

The reaction of the reader might well be of faint envy: Why haven t I noticed
this before ? And thirdly, on an esthetic level, the Lemma - including the proof
- should be beautiful.
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§. 2x. Datur vero alius modus in fammam hu-
jus feriei inquirendi ex patura fradionum - continuarum
petitus , qui multo facilius et promtius negotium con -
ficit : fit enim formulam generalius exprimendo :

A = 1— 1yt 2a®-6x°+242*-120X° 7 2015~ § 0407+ CIC. = 5.
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14+ x

IA4 22

142%

Euleor

§. 22.

I1+3%
i-t-3x

s L.
X4

o

I+5%

I1-}6x
I4+0X
147X

————

ctc.

Quemadmodum 4utem huiusmodi . fra&io-
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Euler

erit hanc feriem ab illa fubtrabendo :
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Cot ¥ o ——- e - &e.
. X T I.2 1:2.2:4 Ti2v3u8 I8
CAPUT Vi 43

oducantur numéri A, B, T, &c. § 182, mnvéntiy.
n Ax- 22Bgs  250x5 27&9:7 -
; + &e.

——— P — i -——
A

o x_—.. . R
Crlt . tang ' s .I. 'z | 1‘22,3..4:' I. ?‘,..0 | I‘nu 'u.. y

g; ergo hic mntr
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Angelo Genocchi
1817 - 1889



Hine igitur calculo inftituto reperietur :

A= I ' ,
B = k)
5= 3
b= 17

E= 1535 —IE XY
F= 2073 == 601.3

127,129

G= 38227 &= 735461 = 7
| 3

H= 0929569 = 3617.257

I = 28820619 = 43867.9.73 &e.
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our Master
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Schiitzenberger

1920 - 1996

André permutations,

non-commutative
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Séminaire Lotharingien de Combinaioire 54 (2006), Article B54g

THE FERMAT CUBIC, ELLIPTIC FUNCTIONS, CONTINUED
FRACTIONS, AND A COMBINATORIAL EXCURSION

ERIC VAN FOSSEN CONRAD AND PHILIPPE FLAJOLET

Kindly dedicated to Gérard- - -Xavier Viennot on the occasion of his siztieth birthday.

%
ABsTRACT. Elliptic functions considered by Dixon in the nineteenth century and re-
lated to Feriat’s cubic, 2° +y° = 1, lead to a new set of continued fraction expansions
with sextic numerators and cubic denominators. The functions and the fractions are
pregnant with interesting combinatorics, including a special Pélya urn, a continuous-
time branching process of the Yule type, as well as permutations satisfying various
constraints that involve either parity of levels of elements or a repetitive pattern of
order three. The combinatorial models are related to but different from models of
elliptic functions earlier introduced by Viennot, Flajolet, Dumont, and Francon.

In 1978, Apéry announced an amazing discovery: “(3) = ). 1/n® is irrational”.
This represents a great piece of Eulerian mathematics of which van der Poorten has
written a particularly vivid account in [59]. At the time of Apéry’s
was known about the arithmetic nature, of the zeta values at odd i Z.
unnaturally his theorem triggered interest in a whole range of proble e &% (2 OOS)
recognized to relate to much “deep” mathematics [38, 51]. Apéry’s orig
proof crucially depends on a continued fraction re[présejtatibn of ¢(3). Semimaing éo &ha'mg i

6 dc_ COOM bw\té"e\mg
¢(3) = 5 , S¢% SLC

w(O) - 6
(1) (1) = —

w(2) — —3j

where w(n) = (2n+ 1)(17n(n + 1)+ 5).
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Consider the integer sequence (p, ), which starts as
2,144, 96768, 268240896, 2111592333312, 37975288540299264, . . .
and is defined by sums over the square lattice,

( 1\n+1y | 2 dt e c 1 . ; S —q—4n—4
0

i oA
\ 1 t a,b=—oc

The following continued fraction expansion holds:

o » 2

6 - 2-- -92.1022

1—2-62(62+5)z —
1—2-10%(1024+5)z —
[A follow up to R. Bacher and P. Flajolet, The Ramanujan Journal, 2010, in press.]
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