Course IMSc, Chennai, India

Januar9~l\/\arch 2019

Combinatorial theoxy of orthogonal Polgnomials

and continued fractions

Xavier Viennot
CNRS, LabRI, Bordeaux

www.viennot.org

mirror website

WWW.imsc.res.in/ ~viennot

P e W ~ S




it bl sl i g i B i, i

e gl g i S b o s A e

Moments and histories

IMSc, Chennai
January 31, 2019

Chapter 2

Ch 2b

o s T e e e B iy . T T By

Xavier Viennot
CNRES-EdhRT Bordeaux

www.viennot.org

mirror website

www.imsc.res.in/ “viennot |




B e O

e g it gy = - =

B

B e e N

Reminc]ing Ch2a
bﬂec‘cion
Laguerre histories > Permutations
clescril:)tion with words




aﬁ“’ - oite.
wbov% { il (wc ) ‘F) ;@cﬁd:cm

At ——p = had T (1’4/“71’“) 1< S P € viw)
«@w@ L/ =&*4 nwvnbev‘
’&—é_g’:: &4 ?wu\uefg,b

et —— A(:-&x a1




E&dec Eion

"e - (CDC j ("74,..)'?“)) < R '\De\*mwt'a,t'o'w
\

w\:n ’P = Gh-v‘
T (!

S. Peamgon X.V. (A179)



W Ny &N O N WA

N1 NN

N W N N =

-

[ T N

O

a8
)
N

N oayie sl 7l



0 Ny O 0 N WA

N1/ NN

N W N N =

-

44.3 2
Ll

4$1_.352
!
4 1 6T352

v
41678352

cale | R L}



{ ‘s& = 22 momem!s
X&: '&('&44) t‘n’(m)!

e Ly = %+

ﬁ‘_g Vg = 4

’& = ka4

&'—4 s CL C& = ‘e'd'ﬁ
. A

WL VI













42345678



(Yu.t-a— Wc%& = _ﬁb\" -eaxx Jhoice (P,é=i

wibh T blue Ea,okafe,a i
< " Jor Seuth- Zest /:C‘ef .\

éL&; e.7uw0\£¢m(- G Aaa_ tha
meo. e  eloment A‘ AN o /r—max e&/mw('

g€ tha T"-"‘“‘*’L-"'E"b“ S (exepé' 4= h41)

«Z{é’f;h’gﬁ(‘ maximwm elomend—
(vfr—max)



cnrerGon i 4. \'mv{(-wé' __fm r'Fopo('oV)

(:o‘)em) (-

y . |
QQOL_{IQQ —J & c°-c @ L_é! or |’(£LJ)
N\ Te=1 T )

. e e
Aome values 3<‘ \
< wll fo o Lo wax
e—éﬂ/m.emf' Z()_é &
",
L£ w' F NE QQ.‘L—J{, & s ®
£ ov

4L wiE wibt Ba "ér’“"“*
eeo.v-w*l:‘ bf@ - (gor w»a_vaﬂw.;g ’E‘:






Q co X, a.g_ (wmonie)

T'euw Vhomembs (&) l’ke,/a.aﬂ.ene
Tbyromials {Lfé’(z) Fae =

-/“h = (X+1)@+2) - (4w

(),



?‘_%v'nc.l:ion e\z(wc}?) — G‘é@;\_ﬂ

W T==*

Kemar

z€M,n] & anbid <>
there wo efemenbs a7[> m G
sdh thet @2 > @) > b
with g 2 (; y b:?@.),e’(d<x




eX ex el %:Cﬁuc)"?)'—’ TES
3(»@. o dharacerizabion gé / V= mun
howente A G

- —g"— "o

— j = MQX
—-— mQ)(
O nc éuvg;

=/

= aet
( €«

]
v
L4103 02
v

4-4u312

4$4.352
\
\

416 78352

416978352






wcklon 7
29:( nesbrecbed Zagau\re/ a&;t\a_

SE
jE r WO :
(P“:;M 03%»'— vdr, O‘W‘vnd. e oenbon
Ko —> G gmc" open ’P”Lfs'on



{3:0(4'1,

o & ﬂ.&:é;\»otéé Zd—gdl-e)f?& “aafar
Ti o weght 3 {)Dor eaks oewé" g
f‘?(.’:"'( wibhn ai. - :r—‘

6ln.;: A le7u-.'.va£mé' &G Aaa_ Chal  the Bment-
£ o = -g”-mén efowant ‘g{ bhe
COJV\.@,rono(\'l%’_ r‘l)evmutdﬁ'ovt S .

&V‘o%a__ mom emba :_f L(/:)['t>
K= @ (ped) - -(prr-a)



briced
Za?(—QV Y. ‘QZ&: —
/&@(Bm'w eo%‘:-;u
e "“&”‘*" ¢£='&4/1
Lovel / (% 70) £ s (% 70)
’%_ _\:7,&= deu ‘ //& s
b& = &4—4 lo& =
&-4—— C& = ‘e(*ﬂ 647/4) ck 2 & (&7/4)

\D‘&=(e{+2_) %‘ \&z az"cé éB& = 2’544
X%\S‘&G‘u") b&: ‘oa-\—L_Q ,\&=’&

wom mh

S ey WON SERL



J —— nentricbed
%fugw ‘i%t‘l”
k- —— “:&?-&4»4 {3=0(+1 ¢£=/&4'ﬁ
% _\:’ = faA ‘ ;(= &*rﬁ (k3°)
b”&=‘&+o< lo{,k = ’&
h_—AC&x‘e«'O‘ ck=& (&»4)
§ X(iz . T )
%b&.-.z&"\’o(*‘i b‘ftz (o,&-\—ué b& = Z&-\—(S
>\&= £ (h+) )\& = (k-1+p) &

r,,“-_-.(o(‘\-'()"'(é(—\-h) 'b“: (5(“54'4}-" ((’:-H\—A)



TR I S R o e e

i i

B e e N

bﬂection
|
Laguerre histories > Permutations |

clescril:)tion with binarg trees

£

'
|.









C = \umber o@

=
bm&v& Cheea L
Q\ww& v imbtevndl i

Vertices 2
(o ™m4i  Leaves ‘,\M,( “)

= ex\'&vvui fo\"m>












Z
ﬁfq;b

Gk el

O Hubfree Aublvee

b =< v >
e

e

\‘ verVex

externall  verVex

or fogf



Yoot-

)u.\o tf\u_ Adhuu. Aubltinen -
3 it
Ao Aown

dw.?“'ex dougllbev






{

vV \M(—\,FO/Q

bram
—> /

N

n\g&l'

» /?"""“?“L

\

bvom S



,‘n o¥f i.Q.V‘

(»Wm‘rvcc ovder ") viell- the &{k: »w? Frhee
V\'.o'\,t‘ e Voot—

vl Ehe '\\'vgat sk Giaa









\ AV) O der
4“/ ’2 = g %\
co es  T(T)-TLHWR)
e i
» —
" P <)Cbt;w. DL Teﬁ\
& %
q g

WM = 446378352



w ~wovd 6 ‘?"/2/ V"S*
wJHﬁ a,QQ «&H‘.er: O/ukmc‘—

nNee— mOY\OCOL C‘T&M&V‘a—/ad—
-@& Fee “aﬁrgo&(" %4,2/-./\n3

Tiction S eyl of

| g(€>: /D’ (e ng_ wwa‘)
Sw)=(§e),m, §))

W= @MY Whee v o Cha
M M wmum ﬁﬂ’cx;fw

(-Pro'ron\',t\: on

.3 Tamolgmj-eéom
et 2 L















4 1 6 9 78 3 5 2



9%,},,;&,”\ S - %ac,éBr\:za,L’Con
eSS, TEDY] &= NS xf:(@v
o btha Lilfors -é X () amd 0(x) ane >
{ o the Lomgbn [X(%)| amd lf(z—){ one WXL

/evma G"GG;/S(G‘)éf;, 5 766[4/n]

w A @) x ‘O(Z) Vv x-g”acéarczof.:m

ho the B/E (neop. wright) Jubliee
% e \mljc{ X ci—:réh,a/eém (&) ‘s
S(A®)  (wp. S(px)) )



Coro.eéw&}_ n G-; X v

V%& peak ,{.,.:/&_ dowllle.
Jﬁg w §@) wie., I il

P ,(‘A s va»(.'&)t é—:"é ;\';,,;e; 2 /f/v{rf&

/o\. " .\ /o



(‘)e‘(‘m uJ"'aJ‘.T\,'ovﬂ. G.- o \o

4
T = ¢4 ¢ 9 7 & 35 2
v//K:>z
4 3
Wiy 4,357 A 8 s

4
peehs 45879 o
doulls 2 P4 Bk
descom by
%&r 6 ‘\ {hoeaowmn

binen LLJLLL
C\F



b oo o
v un c,Qtwu,v\
LR’W‘VY\(G): AC«L’ { -/Zl“. | YA \-
RL—-MW\((S‘)z .Ob& % roe—-mm e,Qe,vn:m ai S

LD (T

. £
W1 g g
E  brom
)= 4
RDB (_T) - \(\8,&

Tef,
‘ﬁV‘{Mﬁ ’-/\V: o £

¥ » T€ T8 (@) e
YoPopv

B
-W\\'MCG") = L_
;t-mm(@") = RB(T)



S8296143

-
amn
‘

()



LR—M\'MCG") = LBﬁ)




RL-mm(c) = RB(T)

LR -mwm(c) = LBCT) /9

‘3

S 0/‘
8

TM=308@1¢@+3

T=8(

4
® 9



TR I S R o e e

i i

B e e N

bﬂection
|
Laguerre histories > Permutations |

clescril:)tion with binarg trees

£

'
|.



W Ny O 0 N WA

N1/ NN

N W N N =

-

44.3 2
Ll

4$1_.352
!
4 1 6T352

v
41678352

cale | R L}



Z
£ a
A

N
NN 4
2345678

i

1 / 4 4

o




o

j




NS/ | oo
i N T o ~
<~<] O - N o
A0 NI
9E w N3 OM (9]
i;li -~ N ™
N _il ™
N N
s N -




A

3

1

A

2 4

00 2

A -0 TIR2. % v
GA—/\i\\I"—A\O—»

1 '3 & 5 67 €

N W
7 N\ I

w NN

A1
A
2
41



29\
. o
S<
N~
M < m_v
N\
N
s N

1 '3 & 5 67 €









0 NN &N 00 N WO

N1/ N\

N 2 a2 N W N N =



0 NN &N 00 N WO

N1/ N\

N 2 a2 N W N N =



3
A

A
"l i y i A 1 Z
AT TN
& ar-Ta-. 4 P, -

R 4
N TP B SlGEGLY 3
o B P /.>Z
(Fewmwkcd,—\,’ow. G- 4'\ /6 7 \3 2. 4 3
é s

N \
-
@, °/° w”?” W LN %
o A
o\o ’VQO’KA 4’/ 57 8/"( / .q' 8
o R 2 .
descom by
O=m0O %&' 6 -\\. {noeaow
2_ M&N’L l’)mm(\:" /LJLG._L

Mobzkvn ’l:-afL:



Se—L

1/ 14

N



C

i

o Se—L
( «—C

1/ 14

20—022






S —(

= B B
& Sl

C

W C

C

We <t

N



AL

S —(
&

4$1.3

We <t

g M

o <












SRS FEOER

b N, 8 S
O
6 D
€ om0 4 A4 \
4



3
A

A
"l i y i A 1 Z
AT TN
& ar-Ta-. 4 P, -

R 4
N TP B SlGEGLY 3
o B P /.>Z
(Fewmwkcd,—\,’ow. G- 4'\ /6 7 \3 2. 4 3
é s

N \
-
@, °/° w”?” W LN %
o A
o\o ’VQO’KA 4’/ 57 8/"( / .q' 8
o R 2 .
descom by
O=m0O %&' 6 -\\. {noeaow
2_ M&N’L l’)mm(\:" /LJLG._L

Mobzkvn ’l:-afL:



i e Sigh7 g

))x'mcur
Cheas
1
./‘>Z
v 3

e s

7
®q g

N4

9 g
/\ 4 %
/4\4/ \3 2









| Wombtx:ui-‘l‘(fﬂh:é, O’Pg
@ %‘;j{e\f - ; b‘& = a,‘k-\-\o

W'\,"\'\ §

DN Lo = £ (c:‘&-\-o()

a.,b,c,oé e R
czo, c+d >0



s Too'vt»'u&-‘o&{w;té. O’ti‘: )
T lev | =R+
tj,j{ - § 2

\,&-.-*ea(c:‘et-\-ol)

Hermilte.

(4) Q/SO/ c =0 To_@_amw\w

b=0 y |
' 2 aﬁ,ouxm

(l) 0/#0/ @"é"C =0 Pel wads
Ceﬂ.am&u(-

(,3) a,;é Q/ c =0 T 2 w
Me ixver

2.
(4) a —-4c>o ’F"e‘r*"“'“‘-&

M—‘L\: oy — (\?OMCR Z_AJQ
(5) >4 <o PRES ’

ety



He\r’ m{,t?,

Chorlior

Mecix wevr

M-?A'-X‘)er..
(Y'o e.aa-c?,ua

y(x")= 4
E_} xX e Az
Y= T ‘
- (°<+4) » ?C"%O(e-zdz,
(v
V(x‘").-.- é'wi 2" G
e oh
P<xn)= C,{_ c)(sz x"‘ - (F’)‘I—
" z'
(F(vaz' ': /Nh
-ww(x):lt '°°x -

W (%)= 1
) [“(7/2 )“ |r<(7+ix)/ )rew\:(— t'
4 x arc MS)



%& )Ju-mb
a8
4€ ( 4) : Wrow Racwh ?ﬂom\(.ﬂb

/ \ ' / \ ovt\".o*onal— r?o&(,«omw

Conbinuous | (ki
D duad Haly ~ Halw Hdm W Hahn

/ *7»)(&& M\l

(2 eLxner
F )'?o\\ac.ze.k Jazo b Tocohi Meoxner Kiow Ghouwk

P ol
1 W\Omwt&

ovH?og,ona[

N/ Sk







(f AR ?oe.rww\'\wed

@ n-R
s SR es

OLk$n

S Ll . SH e

r\7/0

o

<7)/ &) Jwmpa o(f'@q( )= € &

=)





















./ -\ oA E
@ ¥ d
















o N\
A L,m \
















WCX |V3'g

M. (% »
553, 0) =) wl x
} Z (F)G o

oL kSn

e %

S € S

> M pe)L =
e ' /f ) T (1- _CL:)"H__e)-t—(s

Z Mm(-w(z’ C)"h('l& }F/C) C.K<P)’ﬁ - ¢ \® -n
%! (=) <" @ 8.

/&7,0
c-1

Xy = ~k-p (k)



;J"“‘(z/'}rz, c) = (P)"‘ (?%_ )n M. ('&/'rs, )

A"

. A+ )k + (>c “X u c,*&(*&—a-{'b-'i)
(A4-<) 4 (4-c)*

B* = (A+ )k +pc )’&: c & (feu-(g—'i)

V() = 2 o VW) |w)=w

(1-¢)




B& = (A«-c)% +r,c. >\&= A (&4—@-—4)

&= c,(o(a-\-r,) \Q % =C('ﬁ+(s) \./

Vi Cr=+4
- 4 .

Z V(w7=Z FA(G”) A (@)

\w(‘:ﬂ UG,



A(S™) a((tr)
Z v(w)-Z &

lo[=w oG,
Mot'vkw ‘?01'\"-
‘A'v\" E V(QJ
|\wl=w
M t'LKvn ?af\”
AGY 4@
o — C
‘*“ (A-A)" -
‘36\:7n

i Ealevion
pet 2° T ANB AR e
TeS,






Meix wer




’L& — 3&44
’3\&, 24>

%) = wnwmber o
Zd( ordexe . ?a,vtd’Cono

S €G, ¢ G e

M

e

exeviwue Aa - @r% 'g_ oo J\ut,bu'n&

a B":)lezf{cm bebveen Or&veoé "fow(‘\'l'\.’om
wod  powe Rl asveriald & \w.%w
coboved Mobricun /FCLH,»

wikh we%f“ (E ;_.,3‘4-4) A&:?f{z

A = e omeSe . vwwmber b6k ?
\& = Zﬁ(’&«-{!-4)






Meixoer
(?'o %cu&

N v~ 5 _7/2 |
PIRHACTRY ft" = [@e86)" 6] " exple aretor Goee))

v 0

86$)7>o

/ PO P we)de = C814>"“@(7>nf W §,.,

(o)

W('&/y)cg) = [[“(7/2)]‘11"(—7%"7—[} l2 ex p (-— x arclanm g)



t)& - (234-778
;XQ = (1+8) 4 C*ﬁ-'-y-—'f)

g‘aéf Sy W Bl by = by + by

§’ 2, = (44—8”7 (’ﬁ-o-)) \/ vaﬁ@t&
C,& = & x’& = a¥-4 C“



A@) ¢ de @)+ dd ) VI .
po = 2.7 S (4+ 8%

T e,

A(¢)= b er ;@ -/r'—nm‘m e,@,mwb, r;-é -

de‘ (6-7 = nwwmber % doll_ sres % a //

M(G-) = number gg doutbe doscents 2éo"' \\

V(Cr') -~ v\m\oex 'a-‘,f V&Mgﬁ }-é g \./




Z 7A(G‘7 g a{r(c'7+a(a(,(6‘7(4+ Se.)VC°-7

TEG,

n A(G'). A \"{Gp)
o SR

0“66““

Mz (@) +dd@) +2vE)






=
q}e\(‘muﬁ ?_j{? dférna,é‘w&
w) own {4, --Zn}

2h (z,,)l = Coi €

"o

voecf'



r
<

q

.4\s
\3 v \'8
S

T = 6-IN2-7\3_ L1 ()58






ov tr‘no
%m v | A i
S P
(D (2) |2 otad |R(Brn) |@ae) (E(M) _
Hermile —'r——ﬁlf—di‘z‘s‘
l(ﬂ) Y gn = Ax 3% % (20-2)
X(aé”” K2np =©
i T -
Meix v o MR .
mp:(ﬁ’c’”) > O Ry
L) e @eer
TS 7) 1) S" '7A(q-) y 5@?
TEG, o




1% ()




OT'I;\T\/O%,D nak B& >\4.. \“L'n
pele wicks -~
./f;U)(,u,L ve (+4), =
Lgo:,)("") %2‘&‘\"0(-\—4 ‘&(‘a—\-x) (o(-M)--- (°(+\n>
He rmile i 4on = Ax 3x . x (2"‘4)
0 £
HV\ (7') *2nv4 %o
Snontier & L f
C(f.q(") . i r Aéh,& *
e e —— o —————————
Mp LY (/\-\-c)k\—p - C&@g-"«-ﬁ) ; (A_C)ﬂzla“cw @*
w (@59 @-o (A-c)* | e  *!
UL ke (R4S e Bm
(ol 2e & (&4 o A —
TS ") x) / TEE S




wmo wu:mb\

S s‘,ff ey
ov k\no%; n.ouQ, \0& >\4.. .
e ic
./.df(‘},u,wve (+4), =
[#)(2) | 2roir A |%(fr) [@a4) - ()
He rmibe T X = An ¢, % (2n-4)
0 U
HV‘ (1) K2net =©
)’4.\ /Q_,} X \L
@), .| faxra otk c a
C“ ('t) %v}h & &

(KYQWQ‘YM) V\W\‘!-\' ‘i
3&* 8 ovlﬂl‘&d,
-.-.4, c:'—é 4 Z’& ?arhlt'{ons ow t","-]
.6, 50 »
S:g} 77/=4 - xS Pen= EZn
,AQCD(ML— nmeCJ'

(Ewler)




Moments of the general formal

Shefter orthogonal Polgnomials




~ Too'vt\:v&." »(R(WCQ O’Pg
%i;j’ﬁev- — \ b_& = a:f(-\-\o
| PN Lo = 4 (C‘&-\-ol)

vth §a"biclo‘ € R
7 lczo, c+d Do

{ by = (Ap+ kR (c+d))
>\"< = ’&(*&-44—({;)@;7



() de(s) M L) A
) Araiade) Cd:ﬁ P

l‘-n = wV@)L

AE) = womber P L wim Loy 'S

/= Nnum N e&mbs
:ﬁ(¢> wa&c&vaié a{Lmb gg a

d,r (G-) = nuwber % doilll. sres gg 5 g //

44 ) ~ wamber of dedle docnts of = \.\

V@_) — nm\oex‘ ‘% Vcﬁ,an.y/) }‘é i \./

T(G'):numbex % r\pea,l(éo uﬁO’" o



{

L;= ol o+ £ d

"

by =

v(c), p(s
> S

kc

de (=) M@ L6) A
v g c-d:@ .

{CL{Q o= (’el—\- (57@

C%:: /&L;









