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Robbins
The Mathematical Intelligencer (1991)

“These conjectures are of such compelling simplicity that it is hard to
understand how any mathematician can bear the pain of living without
understanding why they are true”
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Table 2. Symmetry classes of plane partitions.

1. No restrictions

Py(n) = n

teijpant T ]+ k=2

e

2. Symmetric (exchange of x and y axes)

Py(n) = n

1=i,jk=n
isj

i A=k 1

i § k=2

3. Cyclically symmetric (cyclic permutations of the
three coordinate axes)

[ +j+ k-1
Py = ] — [

1~'€.i{j,k=’éni T ] Tk 2 1<i<j<n 21 + ] — 2

O sk § o1

4*, Totally symmetric (all six permutations of the
coordinate axes)

Pi(n) = 1—[

1=isjsksn

btk ¥ ke =

it j+k=2

5. Self-complementary
P5(2n) = Py(n)*

6. Complement = mirror image

3 — 1 2n +iiit.g +l
P2n=( )
6( ) 2n.—:1 1:~;f1:['h-." i+ 7+ 1

7. Symmetric and self-complementary
P;(2n) = Py(n)

8. Cyclically symmetric and complement = mirror
image

n1(3i + 1)(6i)!(2i)!

Pl DO @ + 1)!(40)

9*. Cyclically symmetric and self-complementary
Py(2n) = Pyo(2n)?
10*. Totally symmetric and self-complementary

n—1 y
poen = T] (3i + 1)

oo ' = D!

Remarks: Py(n) gives the formula for the number of
plane partitions from the k-th symmetry class
whose Ferrers graph fits in an n-by-n-by-n box.
There are no plane partitions for odd » in the self-
complementary symmetry classes. For those sym-
metry classes marked with an asterisk the given

fArmiila hac mnat haon mratrad
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PROOF OF THE ALTERNATING SIGN MATRIX CONJECTURE !

Doron ZEILBERGER?

Checked by?®: David Bressoud and

Gert Almkvist, Noga Alon, George Andrews, Anonymous, Dror Bar-Natan, Francois Bergeron, Nantel Bergeron,
Gaurav Bhatnagar, Anders Bjorner, Jonathan Borwein, Mireille Bousquest-Mélou, Francesco Brenti, E. Rodney
Canfield, William Chen, Chu Wenchang, Shaun Cooper, Kequan Ding, Charles Dunkl, Richard Ehrenborg, Leon
Ehrenpreis, Shalosh B. Ekhad, Kimmo Eriksson, Dominique Foata, Omar Foda, Aviezri Fraenkel, Jane Friedman,
Frank Garvan, George Gasper, Ron Graham, Andrew Granville, Eric Grinberg, Laurent Habsieger, Jim Haglund, Han
Guo-Niu, Roger Howe, Warren Johnson, Gil Kalai, Viggo Kann, Marvin Knopp, Don Knuth, Christian Krattenthaler,
Gilbert Labelle, Jacques Labelle, Jane Legrange, Pierre Leroux, Ethan Lewis, Daniel Loeb, John Majewicz, Steve
Milne, John Noonan, Kathy O'Hara, Soichi Okada, Craig Orr, Sheldon Parnes, Peter Paule, Bob Proctor, Arun Ram,
Marge Readdy, Amitai Regev, Jeff Remmel, Christoph Reutenauer, Bruce Reznick, Dave Robbins, Gian-Carlo Rota,
Cecil Rousseau, Bruce Sagan, Bruno Salvy, Isabella Sheftel, Rodica Simion, R. Jamie Simpson, Richard Stanley,
Dennis Stanton, Volker Strehl, Walt Stromquist, Bob Sulanke, X.Y. Sun, Sheila Sundaram, Raphaéle Supper, Nobuki
Takayama, Xavier G. Viennot, Michelle Wachs, Michael Werman, Herb Wilf, Celia Zeilberger, Hadas Zeilberger,
Tamar Zeilberger, Li Zhang, Paul Zimmermann .

Dedicated to my Friend, Mentor, and Guru, Dominique Foata.

Two stones build two houses. Three build siz houses. Four build four and twenty
houses. Five build hundred and twenty houses. Siz build Seven hundreds and twenty houses. Seven
build five thousands and forty houses. From now on, [ezit and] ponder what the mouth cannot speak
and the ear cannot hear.

(Sepher Yetsira IV,12)

Abstract: The number of n X n matrices whose entries are either —1, 0, or 1, whose row- and
column- sums are all 1, and such that in every row and every column the non-zero entries alternate
in sign, is proved to be [1'4!... (3n —2)!]/[n!(n+1)!... (2n—1)!], as conjectured by Mills, Robbins,
and Rumsey.

To appear in Electronic J. of Combinatorics (Foata’s 60th Birthday issue). Version of July 31, 1995; original ver-

sion written December 1992. The Maple package ROBBINS, accompanying this paper, can be downloaded from

the www address in footnote 2 below.

Department of Mathematics, Temple University, Philadelphia, PA 19122, USA.

E-mail:zeilbergtmath. temple.edu. WWW:http://vwww.math.temple.edu/~ zeilberg. Anon. ftp: ftp.math.temple.edu,
directory /pub/zeilberg. Supported in part by the NSF.

3 See the Exodion for affiliations, attribution, and short bios.
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Proof of the ASM Conjecture-Act I

Subsublemma 1.1.3:

2 sgn(m)-m 2,23 ...z} _ ek hcicien (@i — %)
& (1 =zk)A = zizi—1) - (L= Thhmr - @) | [T, (1 = 24) [Tycicick(l — Zi%5)
TESk i=1 ' 1<i<j<k e

(Issai)
[ Type ‘S113(x) ;* in ROBBINS, for specific k.]

Proof : See [PS], problem VIL.47. Alternatively, (Issai) is easily seen to be equivalent to Schur’s

identity that sums all the Schur functions ([Ma], ex 1.5.4, p. 45). This takes care of subsublemma
1.13. o

Inserting (Issai) into (Stanley), expanding Hxsiqsat(“i — z;) by Vandermonde’s expansion,

> sga(m) - w(afzy -2kt
TESK

using the antisymmetry of Ay once again, and employing crucial fact Ry, we get the following string
of equalities:

bk(ﬂ)=7¢l—!CTn.....::.{ Ax(z1,. .., zk) ( 2y - 2 [icicj<n(®i — %i) )}

15, @ )e a2 \ [T, (1 — 20) Thcicica (1 — i5)

1 Ak(zy, .-, 2k) 0,1 k-1
= —CTy,,..., sgn(w) - w(zyT3...T
! T1yeeTh {H:¢=l(§i)k+n+lx?+k—2 H15|'<j5k(l 5 2:'_:I’_j) Z gn( ) ( 12 k )

TESk

1 Ak(zlv-"’zk) (Ikl '—1)]}
= E CT V. ™ = 2::
k! TESK B { [H?:l(ii)k+n+1$?+k 2 [icicj<k( —ziz;) \izq

=—1-ZCT g {"[ Ag(zyy...,Tk) ]}
k! TlyeenTk

k(= +k—i-1
"ESK [Tica @)*n+H1zi T [ cicjcn (1 — i)

1 Ak(xlv"-yzk)
= E z CTZ‘,...,Z‘ {n }

k = k—t—
sy (B t1gd T o cn (1 — iz5)

' wESK
1 Ax(z,.-.,Zk)
=73 1 CT: goser® { = T
# (,%;. ) U | I @)+ P T g (1 — 7im))
Ag(z1,- -, Tk)
= CT: geusy® { P ) (George,”)
e Hf=1(f-')"+"“z?+" - icicjcn( —2iz5)

where in the last equality we have used Levi Ben Gerson’s celebrated result that the number of
elements in Sy (the symmetric group on k elements,) equals k!. The extreme right of (George) is
exactly the right side of (MagogTotal). This completes the proof of sublemma 1.1. O
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Spin chains and combinatorics

A. V. Razumov, Yu. G. Stroganov

Institute for High Energy Physics
142284 Protvino, Moscow region, Russia

\U o A VUe LU LVLL\J.\JLL}

The XXZ quantum spin chain model with periodic boundary conditions is one of
t e-mmm has becn investigating by the Bethc Ansatz

method during the last 35 years [3]. It is described by the Hamiltonian

N
— T T PR z_z = =
Hxxz = — E {O'jO'j+l+O‘jO'j+1+AO'jO'j+l ; ON+1 = O1. (1)
j=1



The nonzero wave function components are

N =3: o1 =1,
N=5: t%oo11 =1, . Y010

N=T: toooo111=1, ooc 3, tooto011 =4 Yoo10101 = 7.
All components not included in t btained by shifting. Notice that the
components of the ground state a :cordance with the Perron-Frobenius
theorcm.
Let us continue the list. For iponents of the cigenvector with the

energy —27/2 and S, = —1/2 are &

Yooooo1111 = 1, Yoooo10111 = 4, Yo00011011 = 6, Yooo100111 = 7,
Yooo101011 = 17, Yooo101101 = 14, Yooo110011 = 12, Yoo1001011 = 21,
Yoo1010011 = 25, Yoo1010101 = 42.

Let us co 4 ) 2_ P 7 P 4-2_) 4-2°I) e e« « vector with the

energy —27/2

Yooooo1111 = 1, Yoooo10111 = 4, Yoooo11011 = 6, Yooo100111 = 7,
Yooo101011 = 17, Yooo101101 = 14, V000110011 = 12, Yoo1001011 = 21,
Yoo1010011 = 25, Yoo1010101 = 42.

We omit nonzero components which can be obtained by the reflection of the order of sitcs
since this transformation is a symmetry of our state, as it is for the ground statc. For
example, we have

Yoooo11101 = Poooo10111 = 4.
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Razumov - Stroganov

(ex)~ conjectu re

Proo? bg :
L. Cantini and A.Sportie”o (March 2010). arXiv: 1003.3%376 [math.CO]
based on «Wieland rotations
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