
 

Xavier Viennot 
CNRS, LaBRI, Bordeaux 

www.viennot.org 

Tianjin University 
18 September 2019

Tianjin-4

A introduction to the combinatorial  theory   
of  orthogonal  polynomials  

and  continued  fractions































Combinatorial  interpretation 
of  some  orthogonal  polynomials



Hermite  polynomials





















Mehler identity  
for Hermite polynomials



ABjC, Part I, Ch3b, p.26

Combinatorial proof 
of formulae















Laguerre  polynomials











Jacobi  polynomials

















(formal)   
orthogonal  
polynomials













Combinatorial   
theory 

of  orthogonal   
polynomials













combinatorial proof
3-terms recurrence relation 

 implies orthogonaliy



(X.V. 1983)











Hankel determinants







analytic  continued   fractions 







The  fundamental  Flajolet  Lemma

combinatorial  interpretation  of  a   
continued   fraction  with  weighted  paths











same « essence »

for various  bijective proofs







example: Hermite  histories 

The notion of histories 



















































bijections 
for  rook  placements

(from Tianjin lecture 2)







See ABjC, Part IV, Ch 2



 arXiv:math.CO/0501230. Trans.A.M.S. (2005)



Laguerre histories
The FV bijection
J.Françon, X.V.      (1979)



























Some  q-analogues    of   
orthogonal  polynomials













 

PASEP
and

orthogonal polynomials









weight of a tableau

3



Partition  function

Sum of the weight of  
all tableaux of size n

Z  n



(X.V. 2018) Laguerre heaps of segments



(X.V. 2008)  “exchange-fusion”  algorithm



(i) first step (ii) second step





moments of =
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Interpretation of  
continued fractions

with

Epilogue

- Dyck paths

- semi-pyramids  
of dimers







from  dyck  path  
to 

heap  of  dimers 



Bijection paths — heaps,   
see « the art of bijective combinatorics »  II, Ch3b p 26-40, 

and p 42, 60 in the case of Dyck paths.
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Thank  you !


