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The  birth  of  a  new  domain: 
combinatorial  physics





counting  problems



chessboard

8 rows 
8 columns



dimers



tiling  of  the  chesboard 
with dimers



tiling  of  the  chesboard 
with dimers



tiling  of  the  chesboard 
with dimers



tiling  of  the  chesboard 
with dimers



the  number  of  tilings of  a  8 x 8  chessboard 
is   12 988 816

tiling  of  the  chesboard 
with dimers



formula

for  the number  of  tilings  
                of  a   m  x  n  rectangle    ?

enumerative  combinatorics



it is an integer  !!

for the chessboard     m=8, n=8:    12 988 816    

the number of tilings with  dimers of a 
   m × n   rectangle is  equal to the product



enumerative  combinatorics



A nother  formula

for  Aztec  tilings



Aztec 
diagram 
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© figure: Elise Janvresse et Thiery de la Rue
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21 23 26 210

number 
of  

tilings

2(1+2) 2(1+2+3+4)2(1+2+3)21



the  number of 
tilings of  
the Aztec 
diagram  

with dimers 
is

2(1+2+3+4+ ....+n)

Elkies, 
Kuperberg, 

Larsen, 
Propp 
(1992)



enumerative  combinatorics

example:  binary  tree 

generating  function



Binary  tree



number of binary trees
having n internal vertices

(or n+1) leaves  (external vertices)







Binary
Tree

Binary Tree Binary Tree

root

leaf

(external  vertex)
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statistical  mechanics

Ising  model









combinatorial  resolution:  
dimers  tilings  and  Pfaffian  methodology





generating  function  in  combinatorics 
and 

thermodynamical  function  in 
statistical  mechanics





…….



the  density  of  a  hard  gas  model
is the

generating  function  for  the number of 
certain  « heaps  of  hexagons »



















algebraic
generating
function



bijective  combinatorics

example:  planar  maps 



Planar 
maps



Rooted
Planar 
maps







































quantum  gravity
random  maps

geodesic  in  random  maps
……….



understand  formulae  ....

bijective  combinatorics



the  number of 
tilings of  
the Aztec 
diagram  

with dimers 
is

2(1+2+3+4+ ....+n)

Elkies, 
Kuperberg, 

Larsen, 
Propp 
(1992)



2(1+2+3+4+ ....+n)

Elkies, 
Kuperberg, 

Larsen, 
Propp 
(1992)

tilings of  
the Aztec 

diagram  order  n  

word in 2 letters 
length  (n+1)

tilings of  
the Aztec 

diagram  order  (n+1)  +

« dominos  shuffling »



random 
Aztec 
tilings



© figure: Elise Janvresse et Thiery de la Rue



the 
«artic 
circle» 

theorem



ASM Alternating  sign  matrices

conversely:   
solving  a  combinatorial  problems 

with  methods  from physics



Alternating sign  matrices 
- entries:  0, 1, -1 
- sum in rows and columns = 1 
- non 0 entries alternate in sign 
       in each row and column











alternating  sign  matrices  conjecture 
Mills, Robbins, Rumsey  (1982)



Robbins

The Mathematical Intelligencer (1991)

“These conjectures are of such compelling simplicity that it is hard to 
understand how any mathematician can bear the pain of living without 
understanding why they are true”



D. Zeilberger livre   A=B



















ice  model 
or 

six-vertex  model









6-vertex  model







Gaudin



Razumov -Stroganov  conjecture 

(2001, ....  )



quantum mechanics: 
spin chain model

















Markov  chain 
on 

chord  diagrams



















stationary probabilities



FPL 

“Fully  packed   loop  configurations”



The
bijection
AMS
FPL



The
6-vertex
model







FPL
“Fully
Packed
Loop”

configuration









random 
FPL



stationary 
probabilities

Razumov-Stroganov  conjecture

L. Cantini, 
A.Sportielo (2011)



Around   
     the  Razumov-Stroganov   conjecture 
               and  alternating  sign  matrices

algebraic  combinatorics



Around the Razumov-Stroganov  conjecture

Philippe Di Francesco,  Paul Zinn-Justin  (2005 - 2009)

qKZ

TSSCPP ASM

De Gier, Pyatov  (2007)

Knizhnik - Zamolodchikov
equation



Di Francesco  (2006)



Colomo, Pronco,  (2004)

ASM
1-, 2-, 3- enumeration     A (x)n

Hankel  determinants

(continuous) Hahn,  Meixner-Pollaczek,   
(continuous) dual Hahn     orthogonal  polynomials

Ismail, Lin, Roan  (2004)    
XXZ  spin chains  and  Askey-Wilson operator

Schubert  and  Grothendick polynomials     
 Lascoux, Schützenberger



algebraic  combinatorics



the quantum  world



interactions between particles,     photons

Feyman
diagrams



deleting  the double infinite ...

recipe  for  cooking

quantum  renormalization

infinite sums of infinite quantities   ?!?



explanation  with
the  mathematics  

of  trees



Alain  Connes



today, 
apparition of «figures», 

but on another level



product of  two  binary  trees



Euclide  mathematics, many figures until Newton
          after, elimination of figures

Lagrange,  treatise on mechanics: not a single figure
                                     equations, identities, pure abstraction

Joseph-Louis Lagrange
1736 - 1813





proofs  with  «figures»

Combinatorial   
proofs



«combinatorial proof» of some identities  
                                           with  bijections, correspondences
combinatorial interpretations







square 
m X m

at most 
m  rows

at most 
m  rows



at most 
m  rows

square 
m X m

at most 
m  rows



at most 
m  rows

at most 
m  rows

at most 
m  columns symmetry

diagonal



at most 
m  columns

at most 
m  rows







drawing calculus
...

computing drawings



better understanding



The  PASEP 
(ASEP)

(Partially)  ASymmetric  Exclusion  Process







alternative  tableau

Ferrers  diagram
(= Young  diagram)



alternative  tableau



n = 12

alternative  tableau
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D

E
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permutation tableau



n = 12

alternative  tableau



the  generating  function  of  alternating tableaux 
with  variables  (q,α,β) 

are  the moments of  some  q-Laguerre polynomials







Combinatorial    theory 
of 

orthogonal  polynomials

combinatorial  interpretations  of  the  polynomials 
combinatorial  interpretations  of  the  moments







































Askey  tableau



Askey-Wilson



Askey-Wilson





combinatorial interpretation of the
  moments  of  the  Askey-Wilson  polynomials

with  some  « staircase  tableaux »

Corteel, Williams, 2009
Corteel, Stanley, Stanton, Williams, 2010



main website   www.xavierviennot.org 
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